Abstract. For every prime p, we exhibit a finite p-group which cannot be generated by a set of elements, all having the same order. This answers a long-standing question from the Kourovka Notebook.
Introduction
In 1990, Czes law Bagiński posed the following problem in the Kourovka Notebook [5, Problem 11.6]:
Let p be an odd prime. Is it true that every finite p-group possesses a set of generators of equal orders?
Since the semidihedral group of order 16 cannot be generated by elements of the same order, the problem is of interest only for odd primes. Clearly, a necessary and sufficient condition for a 2-generator p-group P to fail to be generated by a set of elements, all having the same order, is that the orders of non-Frattini elements (those outside of the Frattini subgroup Φ(P )) in each maximal subgroup of P differ from those in the other maximal subgroups. The semidihedral group satisfies this condition, having three maximal subgroups; namely, the cyclic, dihedral, and quaternion groups of order 8. It is the smallest group which does not possess such a generating set.
In 2003, E.F. Robertson and James Wiegold asked the question once more, this time in Group Pub Forum [3] , and labelled as GSO those (arbitrary finite) groups which can be generated by elements of the same order. Such groups are common; for example, all perfect groups are GSO. They asked for an example of a non-GSO 3-group.
The resulting discussion, with contributions by Isaacs, Mann and others, established various properties of GSO groups.
Perhaps the most relevant is the following. Lubotzky and Mann [6] prove that if P is a powerful finite p-group for odd prime p, then the set of all of its elements of order less than the exponent of P generates a proper subgroup, and so P is GSO. What can we say about p-groups which are not GSO? One easy but critical observation, originally made by Bagiński [1] , is that, for an odd prime p, a non-GSO p-group P has exponent at least p p+1 . This can be readily established by induction on order. Since P is not cyclic, it has at least p + 1 maximal subgroups which satisfy the inductive hypothesis. If the exponent of P is at most p p , then at least two different maximal subgroups of P are generated by elements of the same order, and so P is generated by these elements.
In this paper we answer the central problem in the negative, by proving the following. Theorem 1. Let p be a prime and let G be the finitely-presented group:
Let P be the largest p-quotient of G which is both metabelian and of nilpotency class p 2 − p + 1. Then P cannot be generated by a set of elements, all having the same order.
In Section 3 we exhibit a group of matrices which satisfies all of the required relations, and show that the specified p-quotient is non-GSO.
Our result is optimal in the sense that P has exponent exactly p p+1 , and our proof implies that metabelian p-quotients of G having smaller class have exponent at most p p . Theorem 1 also applies to the prime 2. We conjecture that the order of P is p
For p ≤ 11, we constructed explicitly a power-commutator presentation [9] for the p-quotient P using our implementation of the p-quotient algorithm [7] , and so verified our conjecture for these primes. If we factor P by a maximal subgroup of its center, which does not contain the last term of the lower central series of P , then we obtain a quotient Q with the same class as P , and Q may also be non-GSO. For example, the 2-group of order 32 has as a central quotient the semidihedral group of order 16.
Applying (recursively) this strategy to the 3-group P of order 3 13 , we obtained as a quotient a non-GSO group of order 3 10 and class 7. We have established that all 2-generator 3-groups of order dividing 3 9 are GSO. To do this, we constructed them explicitly using our implementation of the p-group generation algorithm [8] and then constructed appropriate generating sets. We have also constructed nonmetabelian 3-groups of order 3 10 which are non-GSO. (We remark that the largest non-metabelian class 7 3-quotient of the finitely-presented group G from Theorem 1 has order 3 23 and is a GSO group.) 
Some results on metabelian groups
We first determine explicitly the powers of the basic commutators which arise in evaluating p-th powers of products of elements of a metabelian group. A related result by Hall [4, Theorem 12.3.1] is not sufficiently detailed for our purposes. a, b ∈ K, a metabelian group, and let p be a prime. Denote by  [b, r a, s b] the commutator [b, a, a, . . . , a   r   , b, b The claim now follows.
Lemma 3. Let
While the following lemma is well known (for example, it can be obtained as a corollary to [2, Theorem 3.2]), we include a direct proof for completeness.
Lemma 4. Let G be a 2-generator finite metabelian p-group, and let a ∈ G \ Φ(G).
Then a and ag have the same order for all g ∈ G .
Proof. Since G is a finite 2-generator p-group, we can find b ∈ G so that G is generated by a and b. If g ∈ G , then g can be expressed in the form Since G is metabelian, we see that
Hence the order of ag divides the order of a. But the same argument shows that the order of a = (ag)g −1 divides the order of ag. We conclude that a and ag have the same order.
We now obtain an upper bound for the nilpotency class of a specific metabelian p-group.
Proof. Observe that the relation a
Since a has order p and b p is central and of order p, the relation (ab)
Similarly, the relation (ab r )
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and we conclude that
These relations for r = 1, 2, . . . , p − 1 give
, and hence we deduce that
Since a p = 1, 
with a 1 , a 2 , . . . , a k−2 ∈ {a, b}, and these lie in
It follows that if k ≥ p, then γ k+p−1 (K) ≤ (γ k (K)) p , and so (γ p (K)) 
